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The amplitude and phase of the spin echo signal in bulk metallic material after a f;y—7— f2,(a)
pulse sequence has been calculated in the case of spin I=3/2, 5/2, 7/2, 9/2, for different ratios of
the sample thickness to the skin depth. Optimal values for S, fs, and a are obtained in the sense
that the echo signal is maximized. These optimal values depend again on the spin I and the relative
sample size. The theoretical results compare reasonably well with experiments, performed on %Cu

in copper foils of different size.

I. Introduction

NMR in metals has attracted much attention
during the last two decades of NMR history. Since
the skin effect leads to an attenuation and phase
shifting of the applied rf-field, the cw NMR signal
is a linear combination of the absorption and the
dispersion part of the nuclear susceptibility, where
the coefficients depend on the sample size relative
to the skin depth 2. Although the absorption and
dispersion part of the signal can be disentangled
due to the Kramers-Kronig relation3, most NMR
measurements are done in powdered samples or
very thin foils, where the observed signal cor-
responds, to the absorption part.

However, there is considerable interest in the
study of bulk metallic specimens, like thick foils
and single crystals, when anisotropies and lattice
distortiones are important*%. We have shown re-
cently 1011 that the amplitude and phase of the
Bloch decay in a metallic sample depends strongly
on the relative sample size with respect to
the skin depth. — this it that
proper phase setting of the reference phase of the
pulse spectrometer, as given by the values ¢ of
Refs. 1% 11 Jeads to a Bloch decay, whoose Fourier
transformation results in a true absorption signal.

We wish to elaborate in this paper on the in-
fluence of the skin effect on the amplitude and phase
of the spin echo signal, produced by a f;4—7— fs
(a) pulse sequence, where f,, fs are the rotation
angles of the two rf pulses at the surface of the
sample and «a is their phase difference.

From follows.
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II. Echo Formation by a 8,y — © — 5, (@)Sequence

Due to the skin effect, the H,-field during rf ir-
radiation is attenuated and phase shifted gradually,
when penetrating into the sample. In the case of a
metallic plate of thickness d, the H;-field parallel

to the surface, can be expressed as 1!

H,(s) = Hy K (s)e'®® 1
with
20) . sinh? s 4 cos® s
ol sinh® ¢ 4 cos? ¢ (1a)
and
DY) it — S M0 B G ) g

1 + tanh s tan s tanh c tan ¢

and where Hy, is the rf field at the surface of the
sample.
Here
s=a/d

is the relative coordinate of a spin with respect to
the skin depth 6, where the origin is at the center
of the plate and where

c=d/20.

Figure 1 shows the amplitude K (s) and phase @ (s)
of the rf field at different positions in the sample,
for different values of the relative sample thick-
ness c.

Let us consider the following Hamiltonian in the
rotating frame on resonance

H=H, +Hint (2)

where H,, represents the Hamiltonian due to the rf
pulse and where the interaction may be represented
by a quadrupolar part and an inhomogeneous line
broadening as follows 12

Hing=bhl,+ak-([2-3% ) (3)
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Fig. 1. Amplitude K (s) and phase @ (s) of the rf field H,
inside a metallic plate for different sample size c.

with the quadrupole frequency
a=3eQV, [412]-1)k

(Q: nuclear quadrupole moment, V,,: z-component
of the EFG tensor)3, and the “broadening frequen-
cy” b.

The corresponding frequency distributions are
assumed to be normalized

Tt gy (5) = Tdage(a) =1 @

and symmetric with respect to a=b=0.
The Hamiltonian of the rf pulse H, can be ex-
pressed as

Hy=—yhH(s) 1

where insertion of H;(s) according to Eq. (1) with
irradiation in the y-direction of the rotating frame
yields:

Hp=—yhHigK(ycos P —1I,sin D). (5)

In evaluating the echo signal at t=27 with 1 < T,
where 7 is the spacing of the two applied rf pulses,
we follow here the same procedures as outlined in
Refs. 1% 13 with the modifications due the skin effect.
Assuming the rf field always strong compared with
the other nuclear interactions we may express the
spin density matrix at times ¢=27 using the
d-pulse approximation as

o(t—27) =L(2) 0(0) L™ (2) (6)

where

L(t) =U(t’ T)'Rﬁy‘U(’a O)Rﬂ, (7)
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with
U(ty,ty) =exp{(—i/R) Hine(ts— 1) }, (8)
Ry = exp{ (—i/h)Hox-tor} k=1,2 (9)
and where 0(0) may be expressed as 0(0) =C I, 1.
Equation (9) leads for the first pulse (k=1),

where the rf field is assumed to be applied in the
y-direction to

Ry =exp{ —i P L} exp{i f, I, }exp{i D 1.}
whereas for the second pulse (k=2) a phase shift a

of the rf field with respect to the first pulse is as-
sumed

Ry, —=exp{ —ial,}exp{ —i @ L}exp{if$,1,}
cexpli @ 1. }explial,}

(10)

(11)
where
P12=K(s) v Hygty,,=K(s) 19,20

Thus fy, and f3,, are the rotation angles of the spins
at the surface. The expectation values of /. at times
t = 27 for the different spins at the location s in the

(12)

sample can now be expressed, using
(I+) =Tr{9(t_27)1+}
and following the same lines as in Ref.!? as:

(1,)=Ce®e® 3 [I(I+1) —m(m+1)]"
m, m’

( = l)m—m’ m’ dzm.uz +1 (ﬂz)dnu 1,m’ (ﬁ1)dm',m (ﬂl)

(13)

cexp{i(t—27) (2m+1)a+b)} (14)
where the rotation matrices
dmm (B) = (m|exp{—if1,}|m) (15)

and their symmetry relations have been used .

The rf magnetization proportional to (/. ) at the
locations of the spin, is again attenuated and phase
shifted on its way to the surface in the same
fashion as described by Equation (1). Thus the
voltage induced in the probe coil by the magnetiza-
tion, coming from the spins at location s is propor-
tional to

(I,(—-27))= K(s) €%® (I, (t—27)). (16)

Introducing the echo signal E, (t—27) which is
normalized to the total magnetization (/)

E (t—20)-(I,¢=20))/(L)  (17)

belonging to nuclei with the same set of (a,b,s)
values, the observed echo signal of the whole sample
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can be expressed as

+ 00 + OC

ldsldaydbé (t—27)gq(a)gn(b).
(18)
From Eq. (18) the magnetization in the z- and

E,(t—-27) =

As the result we obtain:

1609
y-direction can be calculated, using:
E.(f)=%(E,(t-27)+E. (t—27)) (19)
and
E,(t) = (1/20) (B, (t—27) —E% (t—27)) (20)

where E_* denotes the complex conjugate of E .

I-1
E.(t) = AI_I/g D)+ 22-A1,-D(t)-Q™ (¢) (21)
m=1/2
, P
E,(t) = BI_I/g 'D(l,) + > Z'BI,,,'D(t/) 'Q(”l)(t’) (22)
m=1/2
where the coefficients A/, and B!, are given by
3[I(I+1) —m(m+1)]" / TG
I _ sl e’ S, N o m'—m C A2
Ay, II+1)(21+1) .;,.;,m (-1) .(')I\din,m+l(ﬂ2)
m+1m(ﬂl) dmm /31 cos(2 P +2a)ds, (23)
3[II+1)—m(m+1)]" , Lo
| X o m'—m 2
st (B)dm' m(By) -sin(2P+2a)ds. (24)

The function D(¢') and QU (¢)
and gq (@), respectively:

D) = +.‘?qu\ (b)cos(bt')db

QM ()= Q((2m+1)¢) =+_|?°gQ(a)cos((2 m+1)at’) da.

With ¢ =0 i.e. t=217, and D(0) =Q™ (0) =1, a
short hand notation of the echo signal is obtained
as:

E.(0) =FEu, +Es, (27)
and
E,(0) =Ew, +Eg, (28)
where
EMI= AI—I/’Z s (29)
Exy= Bl 0, (30)
-1
Egpy= 224", (31)
m=1/2
I oy
ESy \ 2Bm- (32)

m=1/2

Using Eqs. (23), (24), (29) to (32) it is pos-
sible to calculate the echo amplitudes for every set
of the values fiy, fsy, @ c. However this is not
very usefull, since one is mainly interested in ob-

are Fourier transforms of the corresponding distribution function gy, (b)

(25)

(26)

taining maximum signal height. Thus we optimized
by numerical computer calculations the echo height,
with respect to the parameters f;, and a. The
values for which maximum signal height is ob-
tained are denoted 813" and agp; -
Figures 2 show the dependence of aop; and ("
on the relative sample size c.
There are some interesting features of @,y and
B9 which we would like to mention:
(1) aopt and BPY are same for all spins 1.
(ii) The same value of B{Y" which maximizes
the echo amplitude, gives a maximum ampli-
tude of the Bloch decay 1.
(iii) A simple relation between a,,; and the phase
@opt of the Bloch decay signal holds, i.e.

Aopt = (90 - (/ﬁnm)/2 . (33)

In order to demonstrate the bchavior of the
echo signal for bulk metallic samples (¢ > 0,5) on
the rotation angle f,, of the second rf pulse, with
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Fig. 2. Optimum phase difference aoPt between the first and
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pulse as a function of the relative sample thickness c=5/2 §.
Note, that the values are independent of spin I.
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the given initial condition f{{" and a,y, in Fig. 3
the different contributions of the main transition
(Eyx) and the satellite transitions (Es) to the total
echo signal are plotted versus f,,. Notice that an
angle A5 can be defined, where a maximum echo
signal is obtained in the z-direction, whereas the
signal in the y-direction vanishes.

The effect of the relative sample size ¢ on the
echo amplitudes is demonstrated in Fig.4 in the
case of spin [=5/2 only. If ¢ £ 0,5 the same be-
havior as obtained in ionic crystals !* is approached.
In this case £, vanishes.

Figure 5 shows the dependence of the different
contributions Ex and Ej to the echo signal versus
fsg for a spin [=3/2, according to the theory,
derived above, for different sample size c. The
experimental points plotted in Fig.5 are obtained
from %Cu resonance in copper foils of different
thickness, according to the labelled ¢ values, doped
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Fig. 3. z-component and y-component of the amplitudes of the main transition (Ey), of the satellite transition (Eg) and of

the total signal E (0) =EM+Es versus the second rotation angle 5, for the optimum values

@0, a(opt) in the case of bulk

metals (¢ > 0,5) spin I=3/2 (a), 5/2 (b), 7/2 (c), 9/2 (d).
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Fig. 4. Same as in Fig. 3 except that the parameter is the

relative sample thickness ¢: ¢=0,5 (a), c=1,25 (b), c=3 (c)

(spin I=5/2). Note, that in the case of ¢<0,5 the Ey-compo-
nent vanishes.

with 3,2 at % Sn. The measurements were per-
formed at 16.058 MHz, (skin depth of the doped

material: 21 ©) using a Bruker pulse spectrometer
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10
ness.

SXP 4-60. The strong doping of the copper material
results in a considerable quadrupole distortion,
which shows up as a drastical decrease in the width
of the satellite part Es, which can thus be easily
distinguished from the main transition Ex as shown
previously 2. A line shape analysis of the quadru-
polar part of the echo due to these point defects
will be described in a different paper . Since the
above theory is valid only for 1 <T,, the echo
amplitudes are determined for various 7 values and
extrapolated to 7= 0.

There is considerable agreement between theory
and experiment up to By =180°. For larger S,
values, errors due to H; field inhomogeneity, re-
ceiver blocking time and the invalidity of the ¢
pulse approximation affect the echo amplitude.

It can be summerized, that maximum echo signal

is obtained for

(opt)
10

= T94%; @g=28°

in the case of bulk material (¢>>1) independent
of spin 1. The value of 4", however, depends on
I as shown in Table 1. Since E, vanishes for S,
=pB{%" as shown above, it is convenient for practi-

cal purposes to normalize £, (¢), so that

E.(0)=1.
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Table 1

Spin [ 3/2 5/2 7/2 9/2
Bioee 87° 55° 41° 33°
C_12 0.367 0.249 0.190 0.153
2Cm

m=1/2 0.633 0.466 0.361 0.295
m = 3/2 - 0.285 0.297 0.265
m = 5/2 - — 0.152 0.199
m=17/2 — — — 0.088
Cs 0.633 0.751 0.810 0.847

This leads to

J=
E,(t)=C_..D(t) + 512 Crn-D()Q" (1) (34)

m=1/2
or

E,(8)=C_y,D(t) +Cs-D(2) -Q* (1)
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where
121
Cm - ‘417” Z AI”I b (36)
m=1/2
I1-1
Cs: ZQC,,,, (37)
m=1/2
and
I-1 2C
Qr) = 2 " QM (1), (38)
m=1/2 C.\‘

The coefficients C are listed in Table 1 in the

case of bulk material (¢>>1) and are essentially

the same as the ones obtained in the case of ionic
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